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We investigate several models described by real scalar fields, searching for topological defects, and
investigating their linear stability. We also find bosonic zero modes and examine the thermal correc-
tions at the one-loop level. The classical investigations may be of interest to high energy physics and
applications to nonlinear science. The semiclassical investigations show that the finite temperature
corrections that appear in a specific model do not suffice to fully restore the symmetry at high
temperature.
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I. INTRODUCTION
Models described by real scalar elds in (1, 1) space-
time dimensions are among the simplest systems that
support topological solutions. Usually, these topological
solutions are named kinks, which are classical static so-
lutions of the equations of motion, and the topological
behavior is related to the asymptotic form of the eld
congurations, which has to dier in both the positive
and negative space directions. To ensure that the clas-
sical solutions have nite energy, one requires that the
asymptotic behavior of the solutions is identied with
minima of the potential that denes the system under
consideration, so in general the potential has to include
at least two distinct minima in order for the system to
support topological solutions.
We can investigate real scalar elds in (3, 1) space-
time dimensions, and now the topological solutions are
named domain walls. These domain walls are bidimen-
sional structures that carry surface tension, which is iden-
tied with the energy of the classical solutions that spring
in (1, 1) space-time dimensions. The domain wall struc-
tures are supposed to play a role in applications to several
dierent contexts, ranging from the low energy scale of
condensed matter [1{3] up to the high energy scale re-
quired in the physics of elementary particles, elds and
cosmology [4{6].
There are at least three classes of models that support
kinks or domain walls, and we further explore such mod-
els in the next Sec. II. In the rst class of models one
deals with a single real scalar eld, and the topological
solutions are structureless. Examples of this are the sine-
Gordon and φ4 models [4]. In the second class of models
one also deals with a single real scalar eld, but now the
systems comprise at least two distinct domain walls. An
example of this is the double sine-Gordon model, which
has been investigated for instance in Refs. [7{10]. In the
third class of models we deal with systems dened by two
real scalar elds, and now one opens two new possibilities:
domain walls that admit internal structure [11{17], and
junctions of domain walls, which appear in models of two
elds when the potential contains non-colinear minima,
as recently investigated for instance in Refs. [18{30].
There are other motivations to investigate domain
walls in models of eld theory, one of them being related
to the fact that the low energy world volume dynamics of
branes in string and M theory may be described by stan-
dard models in eld theory [31{33]. Besides, one knows
that eld theory models of scalar elds may also be used
to investigate properties of quasi-linear polymeric chains,
as for instance in the applications of Refs. [34{37], to de-
scribe solitary waves in ferroelectric crystals, the pres-
ence of twistons in polyethylene, and solitons in Lang-
muir lms.
In the present work, in Sec. II we review some known
facts on kinks and domain walls, and there we also intro-
duce other results. In particular, we present some new
models described by one and by two real scalar elds.
The investigations follow in Sec. III where we search for
the topological structures that generate kinks and walls.
We reserve for Sec. IV the study of stability of the solu-
tions that we found in the former section. We investigate
the nite temperature eects in Sec. V, where we examine
the eective potential for a specic model, which engen-
ders three minima at the classical level. We end the work
in Sec. VI, where we comment on applications to nonlin-
ear science and briefly review the results of the present
investigation.
II. GENERAL CONSIDERATIONS
In this work we are interested in eld theory models
that describe real scalar elds and support topological
solutions of the Bogomol’nyi-Prasad-Sommereld (BPS)
type [38,39]. In the case of a single real scalar eld φ, we




αφ− V (φ) (1)
Here V (φ) is the potential, which identies the particu-
lar model under consideration. We write the potential
1
in the form V (φ) = (1/2)W 2φ , where W = W (φ) is a
smooth function of the eld φ, and Wφ = dW/dφ. In a
supersymmetric theory W is the superpotential, and this
is the way we name W in this work.















It was recently shown in Refs. [40,41] that this equation




if one is searching for solutions that obey the boundary
conditions limx!−1 φ(x) = φi and limx!−1(dφ/dx) =
0, where φi is one among the several vacua fφ1, φ2, ...g
of the system. In this case the topological solutions are
BPS (+) and anti-BPS (-) solutions. Their energies get
minimized to the value tij = jWij j, where Wij = Wi−
Wj , with Wi standing for W (φi). The BPS and anti-BPS
solutions are dened by two vacuum states belonging to
the set of minima that identify the several topological
sectors of the model.
In the case of two real scalar elds φ and χ the potential
is written in terms of the superpotential, in a way such
that V (φ, χ) = (1/2)W 2φ + (1/2)W
2
χ. The equations of
motion for static elds are
d2φ
dx2
= WφWφφ + WχWχφ (5)
d2χ
dx2
= WφWφχ + WχWχχ (6)













Solutions to these rst order equations are BPS (+) and
anti-BPS (-) states. They solve the equations of mo-
tion, and have energy minimized to tij = jW ij j as
in the case of a single eld; here, however, W ij =
W (φi, χi)−W (φj , χj), since now we need a pair of num-
bers (φi, χi) to represent each one of the vacuum states
in the system of two elds. In the plane (φ, χ) we may
have minima that are non colinear, openning the pos-
sibility for junctions of defects. In the case of two real
scalar elds, we can nd a family of rst order equations
that are equivalent to the pair of second order equations
of motion, but this requires that Wφφ + Wχχ = 0, in the
case of harmonic superpotentials [40,41].
We now turn attention to kinks and domain walls. Per-
haps the most known example of this is given by the φ4
model, dened by the potential V (φ) = (1/2) (φ2 − 1)2.
Here we are using natural units, and dimensionless elds
and coordinates. In this model the domain wall can be
represented by the solution φs(x) =  tanh(x). The
above potential can be written with the superpotential
W (φ) = φ − φ3/3, and the domain wall is of the BPS
or anti-BPS type. The wall tension corresponding to the
BPS wall is ts = 4/3.
We can also nd structureless domain walls in other
models, for instance in the φ6 model, which is described
by the potential V (φ) = (1/2)φ2 (φ2 − 1)2. Here we
have W (φ) = (1/2)φ2 − (1/4)φ4, and the wall cong-
urations are also of the BPS type, and are given by
φ2s = (1/2)[1tanh(x)]. The wall tension is now ts = 1/4.
This potential was investigated for instance in Ref. [42].
We can build at least two other classes of models where
the domain walls engender other features. The next class
is yet described by a single eld, but the systems may
now support two or more dierent walls. An interesting
example of this is the double sine-Gordon model, which





4 r cos(φ) + cos(2φ)

(9)
where r is a parameter, real and positive. This potential
is periodic, with period 2pi; for simplicity in the following
we consider the interval −2pi < φ < 2pi. The value r = 1
distinguishes two regions, the region r 2 (0, 1) where the
potential contains four minima, and the region r  1,
where the potential contains two minima. For r 2 (0, 1)
the system supports two distinct wall congurations, the
large wall and the small wall, which distinguish the two
dierent barrier the model comprises in this case. The
limits r ! 0 and r !1 lead us back to the sine-Gordon
model. The double sine-Gordon model has been consid-
ered in several distinct applications, as for instance in
Ref. [7{10], where one investigates magnetic solitons in
superfluid 3He, kink propagation in a model for poling in
polyvinylidine fluoride, and properties related to the two
dierent kinks that appear in such polymeric chain.
To expose new features of the double sine-Gordon




[cos(φ) + r ]2 (10)
where we have omitted an unimportant r-dependent con-




[sin(φ) + r φ] (11)
For r in the interval r 2 (0, 1) the minima of the potential
are the singular points of the superpotential, dW/dφ = 0.
2
They are periodic, and for −2pi < φ < 2pi there are four
minima, at the points φ = pi  α(r), where α(r) =
cos−1(r). For r  1 the minima are at φ = pi, in the
interval −2pi < φ < 2pi. A closer inspection shows that
for 0 < r < 1 the local maxima at pi and the minima
pi  α(r) degenerate to the minima pi for r = 1, and
remain there for r > 1. Thus, the parameter r induces
a transition in the behavior of the double sine-Gordon
model. The value r = 1 is the critical value, since it is the
point where the system changes behavior: for r 2 (0, 1)
this model supports minima that desapear for r  1. We
illustrate the double sine-Gordon model in Fig. 1, where
we depict the potential of Eq. (10) for r = 1/3, 2/3 and
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FIG. 1. The double sine-Gordon potential, depicted for
r = 1/3, 2/3 and 1 from above to below respectively, to il-
lustrate how the behavior of the model changes with r.
We get a better view of the phase transition in the dou-
ble sine-Gordon model by examining the order parameter
φ(r), which is given by pi  α(r) for 0 < r  1, so it
goes continuously to pi for r  1. Also, the (squared)
mass of the eld can be obtained via the relation
V 00r (φ) = W
2
φ¯φ¯ + Wφ¯Wφ¯φ¯φ¯ (12)
where φ is the corresponding minimum of the potential.
For 0 < r  1 we get m2(r) = 4 − 4r, and for r  1
we have m2(r) = 4(r − 1)/(r + 1). We see that m(r)
vanishes in the limit r ! 1. These results indicate that r
drives a second order phase transition, a transition where
the system goes from the case of two distinct phases to




FIG. 2. Plots of φ¯(r) (above) and m2(r) (below) for the
double sine-Gordon potential, which illustrate how the be-
havior of the model changes with r.
We consider 0 < r  1. The energies of the BPS
solutions are given as follows. For solutions connecting
the minima −pi + α(r) and pi − α(r) the defect is large




1− r + 4rpi − α(r)p
1 + r
(13)
In the case of the minima pi−α(r) and pi+α(r) the defect
is small and we get
tsdsG = 4
p








1 + r, and that the
limit r ! 1 sends tldsG ! 2
p
2pi and tsdsG ! 0, as ex-
pected. For the BPS states we can write the solutions
explicitly. For instance, for solutions that connect the
minima −pi + α(r) and pi − α(r) we get large kink solu-
tions, which are of the form





1− r x# (15)
For solutions that connect the minima pi  α(r) and the
minima −piα(r) we get small kink solutions. They are
given by






1− r x# (16)
The case r > 1 is dierent. The minima are now at
pi, and the model is similar to the standard sine-Gordon





(cos2(φ) + 2r cos(φ) + 2r − 1) (17)
to make V (pi) = 0. Thus, we can write this potential




cos2(φ) + 2r cos(φ) + 2r − 1 (18)
The presence of the square root complicates the calcula-
tion, and we have been unable to nd explicit analytical
solutions in this case.
The potential in Eq. (10) in the limit r ! 0 goes to
V0(φ) = 1 + cos(2φ) (19)
which leads us back to the sine-Gordon model. Thus, we
can suppose r small and use Vr(φ) to explore the double
sine-Gordon model as a model controlled by a small pa-
rameter, in the vicinity of the sine-Gordon model. This
feature may be of some use for investigations that fol-
low the lines of Ref. [43], and also in the case concerning
the presence of internal modes of solitary waves, which
seems to appear when one slightly modies some inte-
grable model { see for instance Ref. [44].
We now turn attention to the third class of models,
which is described by two real scalar elds. In this case
the domain walls may engender internal structure. This
line of investigation follows as in Refs. [11{13] and we
illustrate such possibility with the system dened by the
potential
V (φ, χ) =
1
2








r(1 + 2r)φ2χ2 (20)
where the parameter r 6= 0 is real. This model was rst
investigated in Ref. [45]. This potential follows from the
superpotential W (φ, χ) = φ − (1/3)φ3 − rφχ2, and the
system supports the two-eld solutions φ(x) = tanh(2rx)
and χ(x) = a sech(2rx), with a2 = 1/r − 2. These so-
lutions are BPS solutions, and now the parameter r is
restricted to the interval r 2 (0, 1/2). The limit r ! 1/2
lead us to the one-eld solution φ(x) = tanh(x) and
χ(x) = 0. The two-eld solutions obey φ2 + χ2/a2 = 1,
which describes an elliptic arc connecting the two min-
ima (1, 0) of the corresponding potential in the (φ, χ)
plane. The one-eld solutions represent standard domain
walls, while the two-eld solutions may be seen as do-
main walls having internal structure: the vector (φ, χ) in
conguration space describes an straight line segment for
the one-eld solution, and an elliptic arc for the two-eld
solution, resembling light in the linearly and elliptically
polarized cases, respectively. The same solutions appear
in condensed matter, in the anysotropic XY model used
to describe ferromagnetic transition in magnetic systems,
and there they are named Ising and Bloch walls, respec-
tively { see for instance Ref. [3], chapter 7.
In the present work we are especially interested in three
other models. They are dened by potentials that de-










φ2 − jφjφ2 + 1
2
φ4 (22)




(1− jφj)2 − r(1 − jφj)χ2 +
1
2
r2χ4 + 2r2φ2χ2 (23)
The rst model was investigated in Refs. [46,47] to model
an exactly soluble linear chain system. It has also
been investigated more recently in Ref. [48] and also in
Ref. [43], with dierent motivations. The other models
are new, and some of their classical and quantum features
will be examined below.
We notice that the above models can be described by
the following superpotentials








W3(φ, χ) = φ− 12 jφjφ− r φχ
2 (26)
The presence of superpotentials help simplifying the in-
vestigation, since the BPS solutions satisfy rst order dif-
ferential equations, which are simpler to solve compared
to the equations of motion.
Our interest in the rst model is directly related to
the fact that it is very much similar to the standard φ4
4
model. Thus, we explore its classical solutions, to see
how similar they are to that of the φ4 model. The same
for the second model, which was invented to be similar
to the φ6 model, and also for the last model, which is an
extension of the rst model to the case of two elds, in a
way similar to the model dened by Eq. (20), as done in
Ref. [45].
III. TOPOLOGICAL SOLUTIONS
In this section we search for BPS solutions in the mod-
els introduced in the former Sec. II. We investigate the
rst order equations corresponding to each one of the
three models separately.
A. Model 1
This model is dened by the superpotential of Eq. (24).
In this case there are two singular points, that repre-
sents the two minima of the potential in Eq. (21). These
minima are v1 = 1, v2 = −1. The equation of motion for
φ = φ(x) is
d2φ
dx2
= φ− φjφj (27)
We are searching for topological solutions, so we can con-
sider instead of the second order dierential equation the
two rst order equations
dφ
dx
= (1− jφj) (28)
They support the BPS states
φ(x) = 2 tanh(x/2)1 + tanh(jxj/2) (29)
After inspecting the explicit form of these BPS solutions,
we notice that they have the standard kink-like prole,
as in the φ4 model, as we show in Fig. 3. Also, they are
linearly stable, minimizing the energy to t1 = 1, below
the value ts = 4/3 that appears in the φ4 model.
The interesting feature of this model is that at the
classical level it is similar to the φ4 model, although the
potential goes up to the second order power in the eld.
We illustrate the present model and its topological solu-
tions in Fig. 3, where we also plot the topological state
of the stardard φ4 model to oer a visual comparison
between the BPS states of the two models. There we no-
tice that the BPS states of model 1 are thicker than the
corresponding states of the φ4 model. Also, we notice
that the tension of these BPS states can be written as
t1 = (3/4)ts. This result goes according to conventional
wisdom, according to the fact that the energy or tension
of kinks and walls in general varies inversely with the
width of the defect.
We notice that this model may be used as an alterna-
tive to the φ4 model, in applications in condensed matter.
For instance, it may represent the motion in the poly-
acetylene (PA) chain, describing single-double or double-
single bound alternation in the PA chain, but this is out
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FIG. 3. The potential V1(φ) given in Eq.(21), and below
the respective topological solution. For comparison, the dot-
ted line shows the topologial solution of the φ4 model.
B. Model 2
Now we explore the second model, described by the
potential of Eq. (22). It can be written in terms of the
superpotential of Eq. (25). This model contains three
minima, at the values v1 = 1, v2 = −1, v3 = 0. It sup-
ports two topological sectors of the BPS type. These
sectors are degenerate, and the wall tension is given by
t2 = 1/6. The BPS solutions satisfy
dφ
dx










They are similar to the kink solutions that one nds in
the φ6 model, as we have shown in Sec. II. We can write
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the wall tension in this second model as t2 = (2/3)ts,
where ts is the tension value for the BPS solutions of
the φ6 model. We illustrate the present model and its
topological solutions in Fig. 4. The interesting feature of
the second model is that its potential is polynomial, of
the fourth order type, but it presents two distinct phases,
the asymmetric phase and another one, symmetric, rep-
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FIG. 4. The potential V2(φ) given in Eq.(21), and the re-
spective topological solution. For comparison, the dotted line
shows the kink of the φ6 model.
This model seems appropriate to simulate a rst order
phase transition. However, dierently from the φ6 system
the present model has the property of having the same
squared mass, irrespective of the symmetric or asymmet-
ric phases. To see this we use the potential (22) to obtain
d2V2
dφ2
= 1− 6 jφj+ 6 φ2 (33)
so that m22(φ = 0) = m
2
2(φ = 1) = 1. As we shall
see below, this fact also shows that U(x) = d2V2/dφ2
is symmetric respect to x when calculated at any BPS
state, so that the investigation to nd the rst quantum
corrections to the energy of the BPS solutions follows
naturally, cincumventing the intricacy that happens to
appear in the standard φ6 model [42]. The form of the
potential of Eq. (22) shows a symmetry respect to φ =
1/2 for φ in the interval 0  φ  1 { see Fig. 4. This
feature does not appear in the φ6 model.
The classical picture that appears for the second model
is somehow similar to the picture of the φ6 model. Thus,
it may be used as a new model to explore conforma-
tional properties of polyethylene (PE), as an alternative
to the case investigated in Refs. [35,36]. Moreover, since
its potential contains up to the fourth order power in the
eld, in Sec. V we investigate the semiclassical or one-
loop corrections, to see how the thermal eects change
the classical picture.
C. Model 3
The third model is given by the potential of Eq. (23).








There are four degenerate minima for r > 0, at the points
v1,2 = (1, 0) and v3,4 = (0,1/pr). There are ve BPS
sectors, and only one non-BPS sector, which is the sector
connecting the minima v3 and v4. The tensions of the
BPS states are t13 = 1 and t23 =
p
r.
This model is similar to the model considered in
Eq. (20). To nd BPS solutions we follow Refs. [22,45].
In the sector connecting the minima v1 and v2 we have
φ(x) = 2 tanh(x/2)1 + tanh(jxj/2) , χ(x) = 0 (36)
The corresponding orbit is a straight line segment join-
ning the minima v1 and v2. We have been unable to
nd non trivial BPS states in this sector, for solutions
describing an elliptic orbit, although they appear in the
model of Eq. (20).
There are other BPS states, in the sectors that connect
the minimum v1 or v2 to v3 or v4. There are several cases,
and we get explicit solutions for the specic value r =
1/2, which form straight line segments connecting v1 or
v2 to v3 or v4. The orbits are described by congurations
such that χ = p2(φ 1). The explicit solutions are, in






























These solutions are similar to the solutions found in
Ref. [49], for the model of Eq. (20). In Fig. 5 we plot
one of the several BPS states that appear in this case.
The nontrivial BPS solutions that we found in model 3
can be used to model domain walls solutions that appear
in models for binary mixtures of Bose-Einstein conden-
sates (BEC) [50]. As one knows, for dierent coupling
coecient between the two BECs, the mixture exhibit
complex spatial structure which may be described by do-
main walls [51]. More importantly, in Ref. [52] one has
realized that these domain walls consist of multicompo-
nent solitons. And these multicomponent walls are very
much similar to the two-eld solutions that we have just
found in model 3. A specic feature of the BPS state
shown in Fig. 5 is that the limit x ! 0 gives φ(0) > χ(0),
leading to unequal components in the binary mixture.
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FIG. 5. A tipical solution that appear from Eqs. (39) and
(40), illustrating how the fields behave as a nontrivial BPS
state.
IV. STABILITY
We investigate linear stability of the BPS solutions ob-
tained in the former Sec. III. In the case of a single eld
the investigation requires that one uses




where φs(x) stands for the static eld, and the remaining
terms represent the fluctuations about it. Linear stabil-
ity implies that the fluctuations remains limited in time,
so that the set of frequencies fwng forms a set of real
numbers.
We use Eq. (41) into the second order equation
of motion (2) to otbain the Schro¨dinger-like equation
Hηn(x) = w2n ηn(x), where





U(x) = W 2φφ −WφWφφφ. (43)
which must be calculated with the static conguration,
the BPS states.
As we know, we end up with a supersymmetric quan-
tum mechanical problem. Thus, we generalize the above
situation by introducing the pair of Hamiltonians





U(x) = W 2φφ WφWφφφ. (45)




where A are rst order operators, given by
A = − d
dx
Wφφ (47)
This factorization ensures that the Hamiltonians H are
positive denite, so that their eigenvalues are all non-
negative real numbers, thus ensuring linear stability of
the classical topologocal solutions.
A. Linear stability: model 1
In order to investigate linear stability of the BPS states
obtained in the former Sec. III A, we use Eqs. (2), (29),




+ 1− 2 δ(x)

ηn(x) = w2nηn(x) (48)
In this case the potential is given by
U(x) = 1− 2δ(x) (49)
Stability of the classical solution (29) implies that the
eigenvalues of the above Schro¨dinger-like Eq. (48) should
be non-negative. But this is indeed the case, because the
atractive potential δ(x) has only one bound state, and
the specic form of the potential U(x) = 1−2δ(x) places
this bound state at zero energy. To see this explicitly we
follow the steps already presented and we factorize the



























η0(x) = 0 (51)
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This equation is easily solved to give the normalized zero
mode
η0(x) = e−jxj (52)
The quantum mechanical problem is implemented with
the partner Hamiltonians. They are




where U(x) = 1 2 δ(x). They are obtained via H =
AyA, with the rst order dierential operators






The bosonic model under investigation can be seen as
the bosonic portion of a more general theory, which in-
cludes fermions via the standard Yukawa coupling. In
the model with fermions we can search for fermionic
zero modes. The investigation may follow the lines of
Ref. [53].
B. Linear stability: model 2
We follow the same steps to investigate stability of the
BPS solutions of the second model, given by Eqs. (31)











ηn(x) = w2nηn(x) (55)





















η0(x) = 0 (57)
This rst order equation can be integrated easily; the












We notice that the above Schro¨dinger-like Eq. (55) is
the equation that appears in the modied Poschl-Teller
problem, so that the investigation here goes very much
like it does in the standard φ4 model { see for instance
Ref. [4]. As a result, besides the above zero mode the
present problem has another bound state, at energy w1 =p
3/2 { recall that we are using dimensionless units in
the present work. Also, the continuum starts at energy
w = 1.
The quantum mechanical problem is implemented by
the partner Hamiltonians H = A
y
A, where the rst
order dierential operators have the explicit form







C. Linear stability: model 3
We now direct our attention to the third model. We
consider tha classical solution (36). In this case we con-





The Schro¨dinger-like equation splits into two equations,






ξn(x) = w2nξn(x) (61)
where
U(x) = 2r
8r − (8r + 1) sech2(x/2)
[1 + tanh(jxj/2)]2 (62)
In this case the potential has at least one bound state,
the zero mode. From the analytical point of view the
problem is somehow complicated, and we could not nd
any explicit solutions. However, we could verify that the
number of bound states depends on r, and increases for
increasing r. As we can see from Eq. (26), the parameter
r is related to the way the two elds interact. Thus, one
sees that the number of bound states increases when one
increases the strength of the interaction between the two
elds. This feature also appears in other models, and we
shall further explore this specic issue in another work.
V. THERMAL EFFECTS
Let us now deal with semiclassical eects. However,
instead of calculating the quantum corrections to the
energy of the classical solutions let us investigate the
eective potential in the case of a single real scalar
eld. There are several distinct but equivalent ways of
implementing the calculations and we choose to follow
Refs. [54,55]. We get the general expression, which is







ln[k2 + V 00(φ)] (63)
where V 00(φ) = d2V/dφ2, and the metric is now Euclid-
ian. The thermal eects are obtained after changing the
one loop contribution of Eq. (63) to













+ k2 + V 00(φ)
#
(64)
The temperature enters the game as β = 1/T . We make
the sum to obtain the nite temperature contribution
[55{57]
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The temperature dependent contribution can be used to
investigate how the thermal eects enter the game.
We investigate the second model at nite temperature.





Here we have introduced m and λ to parametrize the
potential, restauring the standard notation that appears
with h = c = 1. The parameters m and λ are real, and
we consider m/λ > 0 to allow for spontaneous symmetry
breaking. We notice that m has dimension of energy,
while λ is dimensionless.
The motivation to study this model is that it has an in-
teresting property, not seem in the φ6 model. The above
potential goes up to the fourth order power in the eld,
and it has minima at the nonzero values jφj = m/λ and
at φ = 0; however, the classical masses corresponding
to these minima degenerate to the single (squared) value
m2.
In the hight temperature limit (T >> m) the one loop








where V 00(φ) = m2 − 6mλjφj + 6λ2φ2. The eective po-
tential has the minima












This result allows introducing the critical temperature
Tc = m/λ, which identifes two distinct behaviors: for T
below Tc the eective potential supports four minima, at
the above values of φi, i = 1, 2, 3, 4, but for T  Tc there
are only two minima, at the values φ = m/2λ. This
behavior reminds us of the double sine-Gordon model
shown in Sec. II, although here the driving parameter is
the temperature. The behavior of the eective potential
is shown in Fig. 6, where we depict two tipical cases, for
T = (4/5)Tc and for T = Tc.
We notice that the high temperature eects are unable
to restore the symmetry, which remains broken for T 
Tc = m/λ, which is greater than m in the weak coupling
limit that makes our calculations reliable. Although this
result goes against conventional wisdow, it has already
appeared in other models, as for instance in [55,58] and
in references therein.
We investigate the (squared) mass, which can be ob-
tained from the eective potential by the usual proce-
dure. It can be written as
m2(T ) = V 00(φ) +
1
24
V 0000(φ)T 2 (69)
Thus, for temperature lower than Tc the masses at the
constant congurations φi degenerate to the single value
m2(T ) = m2 − λ2T 2, T  Tc (70)
For temperature higher than Tc we get






T 2, T  Tc (71)
These results show that the eective mass decreases to
zero for temperature lower than Tc, and it increases from
zero for temperature above Tc. The critical temperature
identies the point where the eective mass vanishes, and
for higher temperature there is no symmetry restoration
anymore.
In Fig. 7 we depict the minima of the potential, and
the squared mass at nite temperature. There we see
that φ(T ) varies continuosly as the temperature crosses
the critical value Tc = m/λ, indicating the presence of a
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FIG. 6. The effective potential as a function of termper-
ature, for the two tipical values T/Tc = 4/5 (above) and
T/Tc = 1 (below).
VI. CONCLUSIONS
In the present work we have investigated several mod-
els described by one and by two real scalar elds. The
main investigations concern the search for BPS states,
that is, for topological solutions that solve rst order dif-
ferential equations. These solutions minimize the energy
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to the Bogomol’nyi bound, which is given solely in terms




FIG. 7. The minima φ¯(T ) of the effective potential (above),
and the effective mass m2(T ) (below), depicted as a function
of the temperature.
The search for topological solutions is done at the clas-
sical level, and we have payed special attention to models
introduced in Sec. II, some of them further explored in
Sec. III. These investigations have shown how to write
the double sine-Gordon model in terms of a superpo-
tential, and to deal with the large and small kinks as
BPS states, as solutions to rst order dierential equa-
tions. We have also shown that model 1 and model 2,
dened by the potentials of Eqs. (21) and (22), respec-
tively, are classically similar to the standard eld theory
models known as the φ4 and the φ6 models. The other
model is a two-eld model, dened by the potential of
Eq. (23). It is similar to a model rst investigated in
Ref. [45]. The classical investigations that we have de-
veloped are of interest in applications to nonlinear sci-
ence, as for instance in the line of the work presented
in Refs. [34{37], where one uses eld theory models to
mimic nonlinear interactions in polimeric chains. For in-
stance, the model 1 may be used as an alternative to the
φ4 model that is standardly considered to mimic the poly-
acethylene (PA) chain, where Peierls instability appears
due to single and double bound alternation in carbon
atoms along the chain. The standard scenario leads to
the very nice picture in which the distance carbon-carbon
is maped to the φ4 model with spontaneous symmetry
breaking. The need for spontaneous symmetry breaking
is to reproduce the two degenerate states, which describe
single-double and double-single alternations in the trans
or zig-zag PA chain. Of course, this picture can be more
interesting if one adds fermions to the system, via the
standard Yukawa coupling. The alternative that we pro-
pose is to mimic the PA chain with model 1, which is very
much similar to the φ4 model at the classical level. We
hope to explore this and similar ideas in the near future.
In order to further explore the analogy between stan-
dard eld theory models and the models here introduced,
we have also calculated the thermal eects at the one-
loop level. In particular, we have explored the second
model, working out the one-loop nite temperature cor-
rection to see how the semiclassical contributions may
change the classical picture of the model. As we have
shown, the nite temperature eects add to the classical
potential of model 2 and change it in a way such that it
allows for a second order phase transition to take place
at high temperature, although the symmetry is never re-
stored by the thermal corrections. The thermal eects in
this model 2 remind us of the behavior of the double sine-
Gordon model with the parameter r that we investigated
in Sec. II.
The potential of the second model is polynomial, and
goes up to the fourth order power in the eld. In this
sense it reminds us of the φ4 model. However, it ad-
mits two degenerate but dierent phases, the symmetric
phase that is governed by the vanishing minimum, and
the asymmetric phase which is described by the two non-
vanishing minima. In this sense it is similar to the φ6
model. However, at the semiclassical level the thermal
corrections change the behavior of the model in a way
such that it is very specic, reminding us of neither the
φ4 nor the φ6 models anymore.
A direct motivation that follows from the present inves-
tigations concerns the inclusion of fermions, to see how
the fermions change the scenario we have just obtained.
Another motivation concerns generalization of the eld
theory models to the case of complex elds, which give
rise to models engendering the continuum U(1) symme-
try. In this new scenario the models admit the presence
of vortices, global and local, depending on the gauging
of the global symmetry that appears when one changes
the real eld to a complex one. These specic issues are
presently under investigation, and we hope to report on
them in the near future.
We thank P.L. Christiano, J.R.S. Nascimento, and
R.F. Ribeiro for discussions, and CAPES, CNPq, PRO-
CAD and PRONEX for 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